Abstract. As a natural generalisation of q-Schur algebras associated with the Hecke algebra H r,R (of the symmetric group), we introduce the Q-q-Schur superalgebra associated with the Hecke-Clifford superalgebra H c r,R , which, by definition, is the endomorphism algebra of the induced H c r,R -module from certain q-permutation modules over H r,R . We will describe certain integral bases for these superalgebras in terms of matrices and will establish the base change property for them. We will also identify the Q-q-Schur superalgebras with the quantum queer Schur superalgebras investigated in the context of quantum queer supergroups and then provide a classification of their irreducible representations over a certain extension of the field C(v) of complex rational functions.
Introduction
In the determination of the polynomial representations of the complex general linear group GL n (C), Issai Schur introduced certain finite dimensional algebras to describe the homogeneous components of these representations and to set up a correspondence between the representations of GL n (C) of a fixed homogeneous degree r and the representations of the symmetric group S r on r letters. This correspondence forms part of the well-known Schur-Weyl duality. J.A. Green publicised this algebraic approach in his 1980 monograph [14] and presented the theory "in some ways very much in keeping with the present-day ideas on representations of algebraic groups". In particular, he used the term Schur algebras for these finite dimensional algebras and provided some standard combinatorial treatment for the structure and representations of Schur algebras.
Since the introduction of quantum groups in mid 1980s, the family of Schur algebras has been enlarged to include q-Schur algebras, affine q-Schur algebras, and their various super analogous. See, e.g., [7] , [5] , [4] , [11] and the references therein. Thus, the treatment in [14] has also been "quantised" in various forms which provide applications to both structure and representations of the associated quantum linear groups, finite general linear groups, general linear p-adic groups, general linear supergroups and so on. In this paper, we will further generalise Green's standard treatment to a new class of Schur superalgebras, the Q-q-Schur superalgebra.
Originally arising from the classification of complex simple superalgebras, there are two types of q-Schur superalgebras. The q-Schur superalgebra of type M links representations of quantum linear supergroups with those of Hecke algebras of type A, while the qSchur superalgebra of type Q links the quantum queer supergroup with the Hecke-Clifford superalgebra. It is known that the former has various structures shared with the q-Schur algebra; see [19] , [11] , [13] and [9] , while the latter has been introduced in [20, 12] in the context of Schur-Weyl-Sergeev duality and investigated in [12] in terms of a DrinfeldJimbo type presentation (cf. [13] ).
In this paper, we will explore the combinatorial properties of the q-Schur superalgebra of type Q. Thus, like the q-Schur algebra, we first introduce a new class of superlagebras, called the Q-q-Schur superalgebra, which is defined as the endomorphism algebra of a direct sum of certain "q-permutation supermodules" for the Hecke-Clifford superalgebra. We then construct its standard basis arising from analysing double cosets in the symmetric group. In particular, we use matrices to label the basis elements. In this way, we establish the base change property for the Q-q-Schur superalgebra. We then identify them in the generic case with the quotients of the quantum queer supergroups and classify their irreducible representations in this case.
Here is the layout of the paper. In §2, we review the definition of the Hecke-Clifford superalgebra H c r,R over a commutative ring R and its standard basis. We then introduce certain (induced) q-permutation supermodules and define the Q-q-Schur superalgebra Q q (n, r; R). In §3, we study the properties of q-permutations supermodules and investigate some new bases. In §4, we introduce some special elements in the Clifford superalgebras which is the key to a basis for the endomorphism algebra of the induced q-trivial representation. An integral basis and the base change property for the Q-q-Schur superalgebra are given in §5. We then identify the Q-q-Schur superalgebras as quotients of the quantum queer supergroup in §6. Using the identification, we establish a classification of irreducible representations of the Q-q-Schur superalgebra in the last section.
Throughout the paper, let Z 2 = {0, 1}. We will use a twofold meaning for Z 2 . We will regard Z 2 as an abelian group when we use it to describe a superspace. However, for a matrix or an n-tuple with entries in Z 2 , we will regard it as a subset of Z.
Let A = Z[q] and let R be a commutative ring which is also an A-module by mapping q to q ∈ R. We assume that the characteristic of R is not equal to 2. If Q denotes an Aalgebra or an A-module, then Q R = Q ⊗ A R denotes the object obtained by base change to R. From §6 on wards, we will use the ring
2. Hecke-Clifford superalgebras and Q-q-Schur superalgebras
We first introduce an endomorphism algebra of an induced module from certain "qpermutation modules" over the Hecke-Clifford superalgebra. We will prove in §6 that it is isomorphic to the quantum queer Schur superalgebra defined in [12] by the tensor space of the natural representation of the quantum queer supergroup U v (q n ).
Let R be a commutative ring of characteristic not equal to 2 and let q ∈ R. Let C r denote the Clifford superalgebra over R generated by odd elements c 1 , . . . , c r subject to the relations c
The Hecke-Clifford superalgebra H c r,R is the associative superalgebra over the ring R with the even generators T 1 , . . . , T r−1 and the odd generators c 1 , . . . , c r subject to (2.0.1) and the following additional relations: for 1 ≤ i, i ′ ≤ r − 1 and 1 ≤ j ≤ r with |i − i ′ | > 1 and j = i, i + 1,
Note that if q is invertible then T
−1 i
exists and the last relation is obtained by taking the inverses of the last second relation.
For notational simplicity, if R = A := Z[q], the integral polynomial ring in q, then we write H c r = H c r,A . Let S r be the symmetric group on {1, 2, . . . , r} which is generated by the simple transpositions s k = (k, k + 1) for 1 ≤ k ≤ r − 1. The subalgebra H r,R of H c r,R generated by T 1 , . . . , T r−1 is the (Iwahori-)Hecke algebra associated with S r .
Remark 2.1. Jones and Nazarov [16] introduced the notion of an affine Hecke-Clifford superalgebra which is generated by T 1 , . . . , T r−1 , c 1 , . . . , c r , X 1 , . . . , X r subject to the relations (2.0.1), (2.0.2) and certain additional explicit relations which are not mentioned here. It is known from [16, Proposition 3.5] (cf. also [1, Remark 4.2] ) that H c r,R can naturally be viewed as a quotient superalgebra of the affine Hecke-Clifford superalgebra by the two-sided ideal generated by X 1 .
We also note that the generator T i used in [1] is equal to v −1 T i here, where v 2 = q for some v ∈ R. Moreover, we choose c 2 j = −1 in (2.0.1), following [20, 21] , whereas in loc. cit. the authors take C (1) ϕ :
Proof. Note that the correspondence T i → −T i + (q − 1) in (3), denoted by ( ) # in [7] , defines an automorphism of the subalgebra H r,R . So (3) (2) is an automorphism of order 2. Finally, the map ι in (4) is the map ψ followed by the map τ defined relative to the generatorsṪ i , c j , since, by the last relation in (2.0.2), Let T s i = T i and T w = T s i 1 · · · T s i k where w = s i 1 · · · s i k ∈ S r is a reduced expression. Let ≤ be the Bruhat order of S r , that is, π ≤ w if π is a subexpression of some reduced expression for w.
Observe that the symmetric group S r acts naturally on C r by permutating the generators c 1 , . . . , c r . We shall denote this action by z → w · z for z ∈ C r , w ∈ S r . Then we have
where α · w = (α w(1) , . . . , α w(r) ), for α ∈ Z r 2 , w ∈ S r , is the right place permutation action. Moreover, by (2.0.2), we have
Thus, by induction on the length ℓ(w) of w, one proves the following formula: for any α ∈ Z r 2 and w ∈ S r c α T w = T w (w Denote by Λ(n, r) ⊂ N n the set of compositions of r with n parts. Given λ ∈ Λ(n, r),
where ℓ(w) is the length of w. As a super analog of the q-Schur algebra (cf. [7, 2.9] ), we introduce the Q-q-Schur superalgebra (or the q-Schur superalgebra of type Q)
The q-permutation supermodules x λ H c r,R share certain nice properties with q-permutations modules of the Hecke algebra H r,R as we will see below.
Recall, for a composition λ of r, D λ is the set of minimal length right coset representatives of S λ in S r .
Lemma 3.1. Let λ be a composition of r. Then:- (1) is clear. We now prove part (2). Since
Then h α ∈ H r,R c α and h can be written as
Then, by Corollary 2.4(2), one may deduce that T s k h α = qh α for all s k ∈ S λ and α ∈ Z r 2 . This implies
α is invertible. Then using the classical result for H r,R , we obtain w∈Sr h w,α T w ∈ x λ H r,R . This means h α ∈ x λ H c r,R for α ∈ Z r 2 . Therefore, part (2) is proved. The proof of (3) is similar. Applying the anti-involution τ in Lemma 2.2(3) to (1)- (3) gives the last assertion.
Lemma 3.2. The following isomorphism of R-modules holds for compositions λ, µ of r:
Observe that Φ is injective since each homomorphism f ∈ Hom H c r,R
It is straightforward to check that f z is well-defined and Φ(f z ) = z. This means that Φ is surjective. Hence the lemma is verified.
We will prove that the R-modules x λ H c r,R ∩H c r,R x µ is free for the special case λ = µ = (r) in §4 and for the general case in §5. We need some preparation. In the following, we will display a new basis for H c r,R and x λ H c r,R . We start with recalling several facts for Hecke algebras H r,R .
Given two compositions λ, µ of r, let (1) The set D λ,µ is a system of S λ -S µ double coset representatives in S r .
Suppose λ, µ are compositions of r. Observe that
λ,µ is a system of S µ -S λ double coset representatives in S r and hence
Corollary 3.4. Suppose λ, µ are compositions of r and d ∈ D λ,µ .
(1) For each u ∈ S λ , the element ud can be written uniquely as ud = u ′ dτ with
Corollary 3.5. Suppose λ, µ are compositions of r and d ∈ D λ,µ . Then
It is known that H r,R has the basis {T w | w ∈ S r } satisfying the following:
Recall that ≤ is the Bruhat order of S r . Then by (3.5.1) one can deduce that, for any y, w ∈ S r , there is an element y * w ∈ S r such that ℓ(y * w) ≤ ℓ(y) + ℓ(w) and
for some f y,w z ∈ R with f y,w y * w = 0 (see, e.g., [5, Proposition 4 .30]). Lemma 3.6. Suppose λ, µ ∈ Λ(n, r). Let u ∈ S λ , d ∈ D λ,µ , and w ∈ S µ . Then we have
Proof. Clearly from Lemma 3.3(3) and (3.7.1), we have T u T d = T ud . Then the lemma follows from (3.5.2).
Lemma 3.7. For any given λ, µ ∈ Λ(n, r), the set
Proof. Let M be the R-submodule of H c r,R spanned by the set B ′ . Take an arbitrary w ∈ S r and α ∈ Z r 2 . We now prove every T w c α ∈ M by induction on ℓ(w). Clearly, if ℓ(w) = 0, then T w = 1 and c α ∈ M. Assume now ℓ(w) ≥ 1. By Lemma 3.3(1) and 
where
on the right hand side of (3.7.1) belongs to M and so does T w c α by (3.7.1). Hence, M = H c r,R , or equivalently, H c r,R is spanned by the set B ′ by Lemma 2.3. Moreover, by (3.7.1), we observe that the transition matrix between B ′ and the basis B = {T w c α | w ∈ S r , α ∈ Z r 2 } is upper block triangular with respect to a linear order that refines the order T w c α ≤ T π c β ⇐⇒ w ≤ π for w, π ∈ S r and α, β ∈ Z r 2 . Note that the diagonal blocks are permutation matrices and are labelled by w ∈ S r of size 2 r × 2 r . Hence, the set B ′ is linearly independent.
For λ, µ ∈ Λ(n, r), let
Corollary 3.8. For given λ, µ ∈ Λ(n, r), we may decompose H c r,R into a direct sum of left H λ,R -modules or right H c µ,R -modules:
In particular, the set {x
a disjoint union, the assertion follows from Lemma 3.7 and the Corollary 3.4.
The elements c q,i,j
For r ≥ 1 and 1 ≤ i < j ≤ r, we set
Proof. We only prove the first formula. The proof of the second one is similar. We apply induction on r. It is known that
where we use the convention T r−1 · · · T l = 1 if l = r and the formula in the last case is due to the following computation:
This implies that the following holds for 1 ≤ k ≤ r − 1 and 1 ≤ l ≤ r:
where the formula in the last case is due to the fact
. Hence we obtain
This together with (4.1.1) gives rise to
Combining the first term and the last sum in (4.1.2) yields
Also, the second sum in (4.1.2) can be rewritten as
Hence, substituting into (4.1.2) yields
Here the following calculation has been used for 2 ≤ k ≤ r − 1: 
Then, by the fact x (r) T s k = qx (r) for 1 ≤ k ≤ r − 1, we obtain
k+2 · · · c αr r
This together with (4.2.1) implies
for each 1 ≤ k ≤ r − 1. Then by using Lemma 3.1(1) and by equating the coefficients of x (r) c α on both sides for each α ∈ Z r 2 , we obtain qf (α 1 ,...,α k−1 ,1,1,α k+2 ,...,αr) = − f (α 1 ,...,α k−1 ,1,1,α k+2 ,...,αr) , qf (α 1 ,...,α k−1 ,0,1,α k+2 ,...,αr) =f (α 1 ,...,α k−1 ,1,0,α k+2 ,...,αr) , qf (α 1 ,...,α k−1 ,0,0,α k+2 ,αr) =f (α 1 ,...,α k−1 ,0,0,α k+2 ,...,αr) for all α i ∈ Z 2 and 1 ≤ k ≤ r − 1. Then one can deduce that where ǫ k = (0, . . . , 0, 1, 0, . . . , 0) with 1 in the k-th position. This means
Hence z lies in the R-module spanned by {x (r) , x (r) c q,r } and the proposition is verified.
Given λ = (λ 1 , . . . , λ N ) ∈ Λ(N, r) and α ∈ Z N 2 with N ≥ 1 and α k ≤ λ k for 1 ≤ k ≤ N, we let λ k = λ 1 + · · · + λ k for 1 ≤ k ≤ N and introduce the following elements in C r : c
For notational simplicity, we define for 
In the latter case, by (4.2.4), one can deduce that
Hence,
proving the spanning condition. 
. Hence, as free R-modules,
The corollary above implies the following isomorphism of free R-modules
Integral bases and the base change property
We are now ready to prove, by constructing a basis, that the module x λ H c r,R ∩ H c r,R x µ occurred in Lemma 3.2 is R-free. This will provide an integral R-basis for Q q (n, r; R).
Let M n (N) be the set of n × n-matrices M = (m ij ). Given M ∈ M n (N), define
Then ro(M), co(M) ∈ Λ(n, r) for any M ∈ M n (N) r . Given a composition λ ∈ Λ(n, r) and 1 ≤ k ≤ n, define the subsets R λ k ⊆ {1, . . . , r} as follows:
It is well known that double cosets of the symmetric group can be described in terms of matrices as follows. There is a bijection For the subset Z 2 = {0, 1} of N, let M n (Z 2 ) be the set of n × n-matrices B = (b ij ) with
Hence by (5.0.1), we have the permutation d A+B ∈ D λ,µ with λ = ro(A + B), µ = co(A + B) and, moreover, . . . , m n1 , m 12 , . . . , m n2 , . . . , m 1n , . . . , m nn ).
2 . Then by (4.2.5) we are ready to introduce the following elements:
Given λ, µ ∈ Λ(n, r) and d ∈ D λ,µ , let
Note that, by sending A to (A|0), we may regard 
where c
On the other hand, the partition
Hence, by (5.0.4), Corollary 3.5, (5.1.1) and (5.1.3), one can deduce that
proving T A|B ∈ H c r,R x µ . We now prove the set is linearly independent. Suppose 
where l A|B is an R-linear combination of the elements
Therefore, by (5.2.2), one can deduce that
+B . This proves the proposition.
for µ ∈ Λ(n, r) and h ∈ H c r,R . Theorem 5.3. Let R be a commutative ring of characteristic not equal to 2. Then the algebra Q q (n, r; R) is a free R-module with a basis given by the set r,R ) for each pair λ, µ ∈ Λ(n, r). Therefore, the set {φ (A|B) | (A|B) ∈ M n (N|Z 2 ) r } forms an R-basis for Q q (n, r; R).
By Theorem 5.3, we have the following base change property for Q q (n, r; R).
Corollary 5.4. Maintain the assumption on R as above. Suppose that R is an A-algebra via q → q. Then Q q (n, r; R) ∼ = Q q (n, r) R := Q q (n, r) ⊗ A R.
Identification with the quotients of the quantum queer supergroup
In this section, we shall show that the Q-q-Schur superalgebra Q v (n, r) coincides with the quantum queer Schur superalgebra constructed in [12] . In particular, they are homomorphic images of the quantum queer supergroup U v (q n ).
Let q = v 2 for some v ∈ R. Let V (n|n) R = V 0 ⊕ V 1 be a free R-supermodule with basis e 1 , . . . , e n for V 0 and basis e −1 , . . . , e −n for V 1 . With the fixed ordered basis {e 1 , . . . , e n , e −1 , . . . , e −n }, we often identify the R-algebra End R (V (n|n) R ) of all Rlinear maps on V (n|n) R with the 2n × 2n matrix algebra M 2n (R) over R and, hence,
⊗r .
Let I(n|n) = {1, 2, . . . , n, −1, −2, . . . , −n},
Then, S r acts on I(n|n, r) by place permutation
For i = (i 1 , . . . , i r ) ∈ I(n|n, r), set e i = e i 1 ⊗ e i 2 ⊗ · · · ⊗ e ir , then the set {e i | i ∈ I(n|n, r)} forms a basis for V (n|n) ⊗r R . Denote by E i,j for i, j ∈ I(n|n) the standard elementary matrix with the (i, j)th entry being 1 and 0 elsewhere. Then {E i,j | i, j ∈ I(n|n)} can be viewed as the standard basis for End R (V (n|n) R ), that is, E i,j (e k ) = δ j,k e i . Following [20] , we set
where j = e j = 0 if j > 0 and j = e j = 1 if j < 0, and S i,j for i ≤ j are defined as follows:
, we associate the following elements in End R (V (n|n) ⊗r R ): 
. . , i r ). For each i ∈ I(n|n, r), define wt(i) = λ = (λ 1 , . . . , λ n ) ∈ Λ(n, r) by setting
For each λ ∈ Λ(n, r), define i λ by
Recall from (2.4.2) the elements y λ . (V (n|n) ⊗r R ) is the quantum queer Schur superalgebra Q v (n, r) considered in [12] . 1 The isomorphism above shows that our notation is consistent as, by (2.4.4), we used the same notation to denote the right hand side Q v 2 (n, r; Z); see (2.4.4).
Olshanski [20] introduced the quantum deformation U v (q n ) over C(v) of the universal enveloping algebra of the queer Lie superalgebra q(n) and defined a superalgebra homomorphism Φ r : U v (q n ) −→ End C(v) (V (n|n) ⊗r C(v) ).
We refer the reader to [20] for the details of the definitions of U v (q(n)) and Φ r . The following result is known as the double centraliser property and forms the first part of the quantum analog of Schur-Weyl-Sergeev duality for U v (q n ) and H Thus, by [12, Theorem 9.2] , the Q-q-Schur superalgebra Q v (n, r) C(v) has a presentation with even generators K ±1 i , E j , F j and odd generators Kī, Ej, Fj, for 1 ≤ i ≤ n and 1 ≤ j ≤ n − 1, subject to the relations (QQ1)-(QQ9) given in [12] .
